We analyze the spectrum of the electric-current autocorrelation function (noise power) in the Anderson impurity model biased by a finite transport voltage. Special emphasis is placed on the interplay of non-equilibrium effects and electron-electron interactions. Analytic results are presented for a perturbation expansion in the interaction strength U . Compared to the non-interacting setup we find a suppression of noise for finite frequencies in equilibrium and an amplification in nonequilibrium. Furthermore, we use a diagrammatic resummation scheme to obtain non-perturbative results in the regime of intermediate U . At finite voltage, the noise spectrum shows sharp peaks at positions related to the Kondo temperature instead of the voltage.
I. INTRODUCTION
The Anderson impurity model (AIM) is probably the best studied interacting quantum impurity system.
1,2
Nonetheless, there are still a number of open questions, especially concerning the physical properties of its non-equilibrium multi-terminal incarnations. These are archetypical models to describe transport properties of nanoscale quantum dots. In recent years not only the classical transport characteristics, such as linear conductance and full current-voltage relations, have been studied, but also more complex quantities, like the full counting statistics, have been explored. Thereby a large variety of different analytical as well as numerical techniques have been applied to the AIM (see for instance [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ). However, most of the studies have concentrated on static or integral energy independent properties. Aiming at the ultimate practical applications of the devices in question, the knowledge of their frequencydependent noise would undoubtedly be of great advantage. Currently, research in that direction appears to gain momentum. [19] [20] [21] The frequency-dependent noise is not of mere theoretical interest as even the frequencydependent current cumulants of higher order are by now measurable in experiments. 22 Depending on its parameters the AIM shows many interesting phenomena, mostly with signatures in transport properties of the two-terminal setup. Probably the most prominent one is the Kondo effect which is generally only visible for large on-site repulsion U . Very few analytical methods starting from the proper AIM are able to account for this correlation effect, as the analytical solution for the AIM at arbitrary U in non-equilibrium does not exist. As far as the integral transport characteristics are concerned, it was shown in Refs. [9, 11, 23] that the current-voltage relation as well as the full counting statistics can be calculated up to the cubic order in applied voltage and for arbitrary U . For the frequency-dependent noise the non-interacting situation [resonant level model (RLM)] in non-equilibrium was addressed in Refs. [19, 24] .
A number of interesting frequency-dependent noise results were obtained by use of the equation-of-motion technique, 25 and Filippone et al. recently investigated similar quantities in a slightly different context. 26 Nevertheless, the general crossover from weak to strong U -eventually entering the Kondo regime -was not yet addressed for the frequency-dependent noise. With this work we want to close this gap and provide results valid for arbitrary bias voltage and hybridization parameter.
The paper is organized as follows. In Sec. II we start with a simple perturbative expansion in U . Using the recently derived analytical results for the non-equilibrium self-energy we analyze the interplay of finite voltage and on-site repulsion and identify the related features in the noise spectrum. In Sec. III we derive a diagrammatic resummation scheme (which is similar to the one used in Ref. [27] for the shot noise) that enables us to generate non-perturbative results. We find that for larger U the noise spectra show distinct features which can be related to the Kondo effect. Section IV concludes the paper with a summary of the results.
The principal quantity to calculate is the current noise spectrum
given as the Fourier transform of the current autocorrelation function. As was pointed out in Refs. [28] [29] [30] this unsymmetrized definition of S(ω) is the most natural one for quantum systems: negative frequencies describe the spectrum of fluctuations which emit energy to the environment, positive frequencies are related to the absorption spectrum. Furthermore, in order to be as close to the experimental situation as possible, we define the total current operator through the constriction as the average through the two contacts (we use units in which e = = c = 1 throughout),
As a first step, we evaluate the current correlations I(t) I(t ) in the non-interacting case (U = 0), when the spin sector completely factorizes. The noise can be rewritten in terms of Keldysh Green's functions (GF) G 
Here we defined n(ω) = θ(V /2 − ω) + θ(−V /2 − ω) with the unit-step function θ. The electrodes are described in the framework of the wide flat-band model with constant density of states ρ 0 . Furthermore, we use 2Γ = 2πγ 2 ρ 0 as the unit of energy if Γ does not occur explicitly. In the following we restrict the analysis to the zero-temperature case as one expects only a smear-out effect in the noise spectrum at finite temperature. Within these approximations we obtain the following analytical result for U = 0,
Here P (x, y) = θ(x) − θ(y + x) is a 'window' function and Q(x, y) = θ(x) + θ(y + x) is a double-step function. Our result (5) is in agreement with the numerical results of Ref. [19] . It can be derived from the general expression for a two-terminal system with the Lorentzian-shaped energy dependent transmission coefficient (see e. g. [24] )
The generic features of the non-interacting noise spectra are characteristic steps in the unsymmetrized noise spectrum (and cusps in the symmetrized version) at energies corresponding to ±∆ ± V /2. It is well known that the most prominent feature of the Kondo effect is the emergence of a sharp resonance around the Fermi edge of the metallic continua coupled to an impurity. An effective model at energies much smaller than the Kondo scale T K is a resonant level model, where the role of hybridization Γ is given by T K 2,32 . Therefore our result (5) can formally be used to model the behaviour of the noise in the deep Kondo limit. Indeed, an explicit fit of the data from [33] shows a very good agreement with the experiment provided that effective Γ ≈ 4.9µeV. Now we turn to the perturbative expansion in U . As long as one is interested in the electron-hole symmetric case ∆ = −U/2 there is no linear contribution in U and the expansion starts with terms of quadratic order. 43 We restrict the following analysis to this special case since it contains most of the interesting features. In contrast to the interaction-free case there is no spin-sector factorization anymore. The expression for the noise can still be obtained in a straightforward way. It contains a large number of terms which can be subdivided into two large classes. We discuss exemplarily at full extent one representative term which contains dot operators and those for the left electrode. All other terms can be treated equivalently. The two classes of terms are the parallel-spin contribution S
. In comparison, both have very different structures and thus need to be considered separately. For the parallel-spin contribution in second order we obtain
with the definitions
The corresponding diagrammatic representation is shown in Fig. 2 . While the diagrams (1) and (2) can conveniently be reduced to the self-energy of the second order, for which analytic expressions exist even in nonequilibrium, 8 the evaluation of the other two diagrams involves an extra energy integration, which can conveniently be performed numerically.
No reduction in terms of the self-energy is possible for the anti-parallel-spin configuration contributions given by
Here
which can be represented by the diagrams shown in Fig. 3 . It turns out that all diagrams contribute to the noise power with the same order of magnitude. An important benchmark for the full result is the limiting behavior at zero-frequency [the shot noise S(0)] for the second order in U correction, for which analytical results exist for small voltages 9,27
This limit is perfectly reproduced by our calculation of the full noise up to voltages V /Γ ≈ 1. Note that it was shown in Ref. [19] that S(ω) is a purely real quantity which is also reflected in our calculation. Figure 4 shows the second order correction to the full noise as a function of frequency for different values of V . The overall scale of this contribution is about 1% of the U = 0 value for U/Γ = 2 and scales with U 2 . As U = 0 is a fixed point in the RG-sense, it should be valid for small U . In equilibrium a general suppression of noise is observed (see solid curve in Fig. 4 ). Since the dot can be considered to have a finite capacitance one is effectively confronted with a high-pass filter, which leads to the above mentioned effect. The situation is completely different in case of a finite bias. First of all, even a very small V leads to non-vanishing noise around ω = 0, where the noise is zero in equilibrium. This remarkable .015 behavior can be traced back to the imaginary part of the self-energy, which is algebraic in ω in equilibrium but immediately acquires a constant ∼ V term after a bias is switched on. As this part of the self-energy describes dissipation, it is natural that V = 0 leads to enhanced fluctuations in the low-energy sector. The form of this contribution is nearly Lorentzian with a width ∼ Γ, as opposed to the simple step in the non-interacting case. For V > Γ this peak splits into two -similar to the doubling of the step in the non-interacting case -and as the voltage grows both peaks shift roughly linearly in V . From the mathematical point of view this behavior is understandable as the noise correction is composed out of GF with Lorentzian shape that are cut off by the chemical potentials in the leads. This step (non-interacting) vs peak (interacting) behavior of the noise should be clearly distinguishable in the relevant experiments.
III. DIAGRAMMATIC RESUMMATION SCHEME
Although the perturbative expansion up to U 2 might yield reasonable results 8 -at least for large voltagesthis is not the generic situation encountered in experiments (see e. g. Ref. [34] ). The same applies to the opposite limit of infinitely strong interactions for which a number of interesting results became available recently. 20 . In the following, we address the range of intermediate U by using a diagram resummation technique, which was presented in a simpler version earlier in Ref. [27] .
The full noise can be expressed with help of a twoparticle GF (which we call Γ klmn , with 4 Keldysh indices),
Reduction of the noise to the 2-particle GF Γ. A distinction between correlations of anti-parallel-spin particles and of parallel-spin particles has to be made but was omitted in this figure. To express the noise in this way one needs two free lead GF g L/R expressed by the dotted arrows.
which involves only dot operators. Therefore, two free lead GFs are separated from the average values, see Fig.  5 . Then the frequency-dependent noise can be expressed as
Here we have taken the four dimensional Fourier transform of Γ klmn (t 1 , t 2 , t 3 , t 4 ) and neglected its 4 th argument, which is possible because of energy conservation. Furthermore, we have used the definition
where the left/right lead free GF are denoted by g L/R .
The complete summation over all diagrams that contribute to Γ in our approximation. All arrows in this case represent the dot GF D0 of the U = 0 model which is exact in tunneling. Every second diagram is for anti-parallel-spin current correlations.
In general, the perturbation expansion for this kind of quantity is rather involved. In the following we concentrate on the contribution due to the ladder diagrams of the type shown in Fig. 6 which lead to an effective, screened interaction. These diagrams are connected at both ends as shown in Fig. 5 to obtain the noise. The lowest order contribution of this row is also contained in the perturbation theory as Fig. 2(4) . The diagrams shown in Fig. 6 describe processes in which an electron pair is consecutively scattered on uncorrelated electronhole pairs (bubbles). It is well-known that the neglected processes are unimportant in the case of bulk extended fermionic systems of high density and the respective approximation is the familiar random phase approximation (RPA). In the RPA approximation one sums over the diagrams with leading contribution for each order. This argument does not apply in our case as a zero-dimensional dot the concept of a density does not exist. However, with help of the GF in Eq. (4) one can show that more convoluted diagrams should contribute less than the simple ones we use in this approximation, at least for not too big ω.
Furthermore, diagrams similar to (1) and (2) from Fig. 2 are composed of two single particle GF and do not spawn vertex corrections. The frequency-dependent noise however is an inherent vertex dependent quantity and effects from diagrams of this kind are expected to only result in features which are already well known. To support this point we calculated the noise also with help of a resummation using the analytical non-equilibrium self-energy 8 which revealed no qualitative contribution. Moreover, we investigated diagrams related to (3) from Fig. 2 by using the screened interaction of Fig. 6 in diagram (3), Fig. 2 . Numerical checks for various parameter constellations confirm that there is no significant contribution from these diagrams. This strongly suggests that the features we find using our resummation of diagrams similar to Fig. 2(4) are not canceled by diagrams which are neglected and are part of the exact solution of the model. Although our approximation is very similar in its spirit to the RPA, a precise identification of the small parameter is impossible. Nonetheless, we can roughly estimate the relevant parameter regime by observing that in all diagrams we take into account the loops describe electronhole production/annihilation processes, in which every electron is annihilated by its 'own' hole. Since any recombination process with a different ('alien') hole can only take place by tunneling into the electrode and back the recombination processes with 'own' holes are more probable for larger dwelling times τ of the electrons on the dot. Since τ ∼ 1/Γ our approximation is valid when Γ is small in comparison to U .
On the other hand, Fermi liquid theory for the nonequilibrium transport through an Anderson impurity 11, 23 implies that the principal observables can be expressed in terms of equilibrium susceptibilities. This is just as in the equilibrium case which was treated in the famous series of contributions by Interestingly, from the diagrammatic point of view the equilibrium susceptibilities are represented by simple loops. Although it is very difficult to establish a one-to-one correspondence, our approach is a version of a Fermi liquid theory applied to non-equilibrium noise and it is therefore expected to yield adequate results particularly in the low energy sector.
The sum over ladder diagrams shown in Fig. 6 is equivalent to the solution of a set of 32 linear equations: ω 2 , ω 3 ) . (13) An explicit analytical solution is possible but rather lengthy so we discuss the respective numerical results only. From general grounds, Γ klmn should satisfy certain symmetry conditions. Similar to other partial resummation schemes, it vanishes for ω 2 = ω 3 . Moreover, it should satisfy Γ klmn (ω 1 , ω 2 , ω 2 ) = Γ mnkl (ω 2 , ω 1 , ω 1 ) due to the symmetry under exchange of the incident particles. Because of time-reversal symmetry it also suffices the symmetry when changing ω i ↔ −ω i , for i = 1, 2. Last but not least, the zero-frequency noise in equilibrium has to vanish.
The vertex function possesses simple poles when U > 2Γ. This is due to the fact that we are using the cutofffree wide flat-band model. The numerical evaluation of the noise according to the prescription of Eq. (10) therefore needs regularization, which is achieved by imposing a hard cutoff scheme which models more realistic finite bandwidths. We consider the two different regimes U <> 2Γ separately. In the U < 2Γ case where Γ klmn is completely regular, we obtain the results shown in Fig. 7 for the interaction induced correction to the non-interacting noise spectrum. In equilibrium, finite interaction causes a small suppression of the noise similar to the result of the second order perturbation theory. For larger voltages we observe an enhancement in the domain |ω| < V . More interesting is the case of strong interactions U > 2Γ. As mentioned before, Γ klmn develops simple poles in this regime that are also found in the integrand of Eq. (10) as long as ω < V /2. Due to these poles the correction to the non-interacting noise (Fig. 8) develops sharp peaks at positions ±ω res < V /2 that do not seem to be affected by V . This turns out to be a generic feature and the distance between the peaks is solely defined by the interaction strength. The peaks disappear for too small voltages though, see Fig. 8 . 
The full noise power for V = 4 and different interaction strengths calculated with the diagrammatic resummation scheme. For U = 0 one recovers the step-structure. Figure 9 shows the full noise spectrum in the nonequilibrium configuration for different Coulomb interaction strengths. With growing U two distinct peaks at frequencies ±ω res develop from the non-interacting steplike graph which are not seen in equilibrium (compare to Fig. 8) . Again, the two peaks correspond to emission and absorption processes and the noise spectrum is known to exhibit similar peaks in other systems, see for example Ref. [38] . The position of the peaks ω res as a function of U is plotted in Fig. 10 . Interestingly, the resulting behavior is highly non-analytic and follows a square-root law with high precision. This fact points towards the generation of a new energy scale (in a non-perturbative way because otherwise it would be algebraic in U ), which appears to play a fundamental role for the dynamical properties of the system. The only plausible option is the Kondo temperature given by
The presence of pronounced maxima in the nonequilibrium noise at frequencies ∼ T K can be wellunderstood. At this energy the system is very sensitive to fluctuations since the absorbed/emitted energy is comparable to the formation energy of the Kondo singlet, thus making it an efficient energy dissipation channel. However, this effect is not directly related to other phenomena of the Anderson model as for example the zero bias conductance peak to which the results of Ref. [40] , which presents data in the different regime V U , are connected.
IV. SUMMARY
In conclusion, we have investigated the frequencydependent noise in the non-equilibrium Anderson impurity model. Perturbative results in second order for small interaction strength U show that the noise is suppressed at positive frequencies in equilibrium, compared to the non-interacting setup. In the non-equilibrium situation, however, we observe an increase in the noise for frequencies related to the applied voltage. Using a diagrammatic resummation scheme we could gain knowledge in the parameter regime which is non-perturbative both in γ and U . This approximation shows again a suppression of noise in equilibrium but sharp peaks for finite V at positions that are related to the Kondo temperature instead of the voltage. This is a consequence of the Kondo temperature defining the energy scale for internal fluctuations of the system.
